Based on an effective propagation constant and a frequency-dependent dielectric constant, the plane wave method is extended to calculate the complex photonic band diagram and the density of states for electromagnetic waves propagating in a two-dimensional finite structure with nonoverlapping dielectric cylinders of arbitrary radii, which may be randomly embedded in a dielectric matrix. The effective propagation constant is obtained by using the Twersky formula ͓J. Math. Phys. 3, 700 ͑1962͔͒ and the scattering matrix method. A case study shows that an embedded defect with optimal radius in a finite photonic crystal can increase the first photonic band gap as compared to the similar structure without the defect. This work is expected to provide a useful tool in determining the photonic properties of a disorder dielectric medium with arbitrary embedded nanoparticles and nanowires.
I. INTRODUCTION
Photonic band structure refers to the propagation properties of electromagnetic waves travelling through a periodically modulated dielectric, which exhibits an absolute photonic band gap ͑PBG͒ that prohibits the propagation of light at any direction within a finite spectral range. 1 The photonic band diagram for infinite periodic photonic crystals can be calculated by using the conventional plane wave method ͑PWM͒.
2 However, any realistic photonic structure is finite, other than the ideal one, and the absolute band gap is not really necessary in realistic applications, in which a transmission of −60 dB ͑i.e., 0.001͒ to −40 dB ͑i.e., 0.01͒ is good enough to be considered as a band gap. Thus, it is of interest to calculate the photonic band diagram and the density of states of a finite photonic crystal with arbitrary defects. Many methods have been used to calculate the transmission of finite-size two-dimensional ͑2D͒ photonic crystals, such as the finite difference time domain ͑FDTD͒ method, 3, 4 the scattering matrix method, 5, 6 and the conventional PWM. 7 It is well known that the FDTD method can be applied for the band structure computations of finite periodic photonic crystals with artificial absorbing boundary conditions. In addition, the transfer-matrix method 8 can also be used by looking upon the photonic crystal as an infinite stack of identical periodic crystal layers along a certain direction. However, these are not the real conditions for realistic finite-size 2D photonic crystals, with or without defects.
Recently, the study of photonic band diagram and density of states ͑DOS͒ for a finite photonic structure is of considerable interest. [9] [10] [11] Both FDTD and finite element methods ͑FEM͒ are useful to calculate the transmission or reflection for finite PBG structure including the effects of boundary and defects. If they were used to create the photonic band diagram, some boundary conditions, such as perfectly matched layers, have to be followed artificially. In this paper, we introduce an accurate theoretical approach to calculate the complex photonic band diagram and the DOS of finitesize 2D circular cylinders, which are arbitrarily embedded in a dielectric matrix. From this model, it is possible to obtain an optimal setting of the finite structure according to the calculated complex band diagram, which can show light attenuation in the transmission along different directions. Some case studies will be presented. The paper is organized as follows: the theory model is first presented in Sec. II, and the results and discussions of some case studies are followed in Sec. III, and the paper is summarized in Sec. IV. Figure 1 shows a typical model of 2D photonic crystals in the x − y ͑or polar͒ system. Here, a finite number of circular cylinders with arbitrary radius are embedded arbitrarily ͑without overlapping͒ in a background material of dielectric constant b . A plane wave of wave vector k 0 ͑k 0 = ͉k 0 ͉͒ illuminates the cylinders with an incident angle of ␣ with respect to the x axis. Consider the set of N cylinders occupying a region of ⍀ = ͓−l , l͔ ϫ ͓−h , h͔, where the jth cylinder has a radius R j , a dielectric constant j = n j 2 ͑n j is the refractive index͒ and a wave number k j . According to the 2D Fourier transformation for a limited domain, the dielectric constant of this composite system can be easily expressed as
II. THEORY MODEL
where m and n are integers, i = ͱ −1, and x = xx + yŷ , with x and ŷ which are the unit vectors along x and y axes, respectively.
Here D m,n is of integral form,
where J 1 ͑x͒ is a Bessel function, and x j = r j cos j and y
is derived in detail in Appendix A. For an infinite periodic photonic lattice, the discrete translational symmetry of a photonic crystal allows us to classify the electromagnetic modes with a wave vector k in terms of Bloch wave. However, for a finite-size and disordered lattice, the periodicity is destructed, which prevents us from describing the modes of the system with real wave vector k. Instead, a complex wave vector, such as an effective propagation constant K is proposed.
The propagation of electromagnetic fields through random media is well studied. [12] [13] [14] [15] [16] Many field models were brought forward to analyze the field interactions with the individual discontinuities, such as the effective field approximation ͑EFA or Foldy's approximation͒ for low-density media and the quasicrystalline approximation ͑QCA͒ or the quasicrystalline approximation with coherent potential ͑QCA-CP͒ for higher density media. Different from the Monte Carlo approach, these field models tried to do some ensemble averaging to calculate the average ͑coherent͒ field. In particular, Twersky 16 has derived a 2D formula for calculating the effective propagation constant K,
where k 0 is the wave number of the background medium and f is the scattering field amplitude. The term f͑o , i͒ represents the amplitude, phase, and polarization of the scattered wave of far field in the direction o when the 2D system of cylinders is illuminated by a plane wave propagating in the direction i with unit amplitude. Here iЈ is the image of i in the plane x =0 ͑see Fig. 1͒ and is the number density, which is defined as the number of scatterers per unit area. Actually the effective propagation constant K is a statistic result for the ensemble average, which can be used to replace the 2D system by a homogeneous effective medium. Additionally K is correct to O͑ 3 ͒, i.e., the higher-order terms can be neglected at small 3 . For a finite number of arbitrary set of parallel cylinders, the scattered field at point P outside the circular cylinders can be expanded by using the scattering matrix method 5 into the Fourier-Bessel series as
where H m ͑1͒ is the mth-order Hankel function of the first kind, corresponding to the time-dependent function exp͑−it͒, and b j,m denotes the components of an infinite column matrix b j , which can be obtained by solving the following matrix equation:
FIG. 1. Sketch for arbitrary set of parallel circular cylinders.
where
where H m ͑1͒Ј is the derivative of the Hankel function, and J m and J m Ј are the Bessel function of the first kind and its derivative, respectively. For brevity, Eq. ͑4a͒ is written as
where S is the scattering matrix. The resonant modes of the set of cylinders are defined as solutions of Maxwell's equations without any incident field, i.e., the solutions of S −1 b = 0, which means that there exist the poles of the S matrix.
For numerical purposes it is clear that the series in Eq. ͑3͒ has to be truncated. Because of the properties of the Hankel function, the terms of the series are decreasing extremely fast. Assuming that M terms in the infinite series are kept, the value of M is closely linked with the radius R j and the wavelength . A convenient value for M is given by the empirical rule of M Ϸ 40R j / . 6 It was verified that the summation with respect to m in Eq. ͑3͒ may be from −2 to 2 or from −3 to 3 without increasing the error larger than 1% at PBG frequencies. 6, 17 In the case study ͑see below͒, M =7 is used to achieve enough accuracy and a short computation time.
Using Graf's formula 18 for the Hankel function in Eq. ͑3͒ at r ജ r j , we have
At far field, the asymptotic form of Hankel function is
and the scattered waves satisfy
therefore f͑i , i͒ can be obtained from Eqs. ͑3͒ and ͑5͒, which is
ͪͬ.
͑6͒
In general, f͑i , i͒ is a complex number even for lossless cylinders, which means that the propagation wave attenuates through these cylinders due to the multiple scattering among them. Therefore, the propagation constant K in Eq. ͑2͒ is also a complex number.
In the cases of H polarization and E polarization, H z ͑x , K͒ and E z ͑x , K͒ can be expanded into, respectively,
where K = K cos ␣x + K sin ␣ŷ is the 2D complex wave vector and
By substituting these expansions into Maxwell's equations, two standard eigenvalue problems for the coefficients A͑K ͉ G͒ and B͑K ͉ G͒ were obtained, respectively,
where c is the speed of light in vacuum and
The eigenvalue problems posed by Eqs. ͑9͒ and ͑10͒ have an analogy to their counterparts as reported in Ref. 2 . Here G has an analogy to the reciprocal lattice vectors in a perfectly periodic crystal. This implies that the 2D finite-size arbitrary structure can be considered as a supercell that is periodically positioned in space. However, the "supercell" here is essentially different from that of the conventional supercell method, 19, 20 which is employed to deal with an infinite periodic system with some defects or a perturbational quasiperiodic structure. In the conventional supercell method, the wave vector is still a real number and the size of the supercell has to be large enough to guarantee negligible coupling between neighboring supercells. Another analogy is between the complex wave vector K and Bloch wave vector k, for which the former describes localized evanescent modes of the finite crystal, and the latter is for the extended modes of the ideal and infinite crystal.
In general, any dispersive materials may be considered, whose F m,n and K in Eqs. ͑9͒ and ͑10͒ are both frequency dependent. Consequently it is invalid to solve eigenfrequencies for a given wave vector from the two eigenvalue equa-tions. By using a revised PWM, 21 
where ͓A 1 ͔ and ͓A 2 ͔ are vectors constructed by the Fourier expansion coefficients of the field components E x and H x , respectively. It is obvious that the eigenvalue equations ͑9͒ and ͑10͒ are the special cases of Eqs. ͑11͒ and ͑12͒.
For a finite-size crystal with all kinds of defects arbitrarily embedded, the concept of band structure is also employed to determine whether a certain frequency will support extended states inside the crystal. As mentioned above, the absolute band gap is not necessary for the realistic crystal, and some precision in calculation is adopted to get the band structure. Because of the complex wave vector K, the corresponding eigenfrequencies are also complex numbers. In this case, there should be four kinds of band structures, i.e., real and imaginary K versus real and imaginary eigenfrequencies, respectively. Here, only the band structure of real K versus real eigenfrequencies is presented. On the other hand, the concept of the DOS is still valid and useful for finite and disordered structures, which defines the number of allowed states ͑real K vectors here͒ per unit increase in frequency. Recently, a simple definition of the electromagnetic density of modes for a finite-size structure was presented in Ref. 9 , which was based on the Green's function for a generic threedimensional open cavity filled with a linear, isotropic, dielectric material. In addition to the conventional DOS, some density of states functions were introduced, 10 including the mutual density of states ͑MDOS͒, the local density of states ͑LDOS͒, and the spectral density of states ͑SDOS͒, which give position and angular information for emission of radiation from photonic crystals. Based on scattering theory, reciprocal density of states was developed to play the role of the classical LDOS for finite structure. 11 Note that the band structure provides only the information of the gap, but it does not provide the information on how many states can be on the frequency. The examination of the DOS will allow one to obtain some additional information about the effect of disorder.
III. RESULTS AND DISCUSSIONS
In this section, some examples are given to calculate the band diagram for 2D finite-size structures by applying the method presented above. In the calculation, the admittable precision for a band gap is 0.005 ͑i.e., −46 dB͒, and 441 ϫ 121 plane waves are used, and the computational error was estimated to be less than 1%, compared with the classical PWM. 2, 22 Figure 2͑a͒ shows the comparison of the photonic band structure and DOS for the case of E polarization at the normal incidence between a realistic crystal with 11ϫ 11 cylinders ͓shown in Fig. 2͑b͔͒ and the corresponding perfect crystal. Here, a = 8.9, b =1, 2l =2h =11a, and the radius of cylinder r = 0.2a = R c , where a is the lattice constant, and R c is the radius of the center cylinder. Because of the symmetry, only three directions ͑⌫ − X, X − M, and M − ⌫͒ are necessarily considered. The photonic band structure shows the relationship between the wave vector k 0 of the background medium and the normalized real frequency Re͑͒a /2c. Given a wave vector k 0 inside the first Brillouin zone ͓shown in Fig. 2͑c͔͒ , the corresponding K vector can be figured out from Eq. ͑2͒. Then by solving the standard eigenvalue equations ͑9͒ and ͑10͒ and taking the real part of the complex eigenfrequencies, we can construct the band diagram. Along the right-hand margin of this figure we have plotted the density of photonic states in arbitrary units. Since the DOS is defined as the number of states ͑K vectors͒ corresponding to a frequency, this requires the Brillouin zone sampled uniformly and densely. By uniformly sampling the first Brillouin zone into 101ϫ 101= 10 201 spaced values of k 0 , all the corresponding K vectors can be obtained from Eq. ͑2͒. Then taking the real part of the complex eigenfrequencies solved from Eqs. ͑9͒ and ͑10͒ at each complex K vector, we calculate the number of states for each frequency and obtain the DOS. Due to the finite size, the scattering on the boundary will change the propagating wave vector amplitude in different directions, as expressed in Eq. ͑2͒. So small peaks appear in the band structure and these spikes are associated with photonic states localized in the direction of the light propagation. The resonant peaks give the real part of the complex resonant frequencies and the key to the understanding of these resonances lies in the pole structure of the photonic crystal. 11, 23 The scattering matrix in Eq. ͑4͒ accounts for all possible generalized modes and, whatever the angle of incidence, there is some coupling between the incident field and the scattering modes. It should be stressed that these irregularities could not be removed by using a larger structure. Indeed the peaks are due to the presence of poles of the scattering matrix that are independent of the incident field. 11 Here light scattering on the boundary plays an important role in altering evanescent states into propagating states ͑prob-ably with the wave vector lying on another direction͒ or from one evanescent state into another evanescent state that is characterized by a lower attenuation length. This provides the physical explanation for the shape modification of the band structure and the reduction of the band gap. Figure 2͑d͒ shows the case when the radius of the central cylinder of the sample is increased to R c = 0.7a. Due to the larger defect ͑in size͒, the amplitude of these spikes is increased, and the band gap is further reduced. This will be explained through the corresponding imaginary eigenfrequencies, as shown in Fig.  4͑b͒ later. In addition, the plot of the density of states also confirms the reduced band gap in the band structure in the frequency range in Figs. 2͑a͒ and 2͑d͒ , respectively. It is known that, for the corresponding infinite periodic crystal with a point defect, there exists a flat band-a classic indication of a defect state. Since the defect mode is isolated to the center of the lattice, its Fourier representation is not characterized by any particular direction and the same solution can be found for all parts of the Brillouin zone. However, because of the finite size, the defect state interacts with the evanescent states and propagating states, which causes the flatband to disappear as shown in Fig. 2͑d͒ . Figure 3 shows the transmission spectra for different square lattices with n ϫ n cylinders ͑n = 5, 11, 15, 21, and 25, respectively͒ for E polarization at normal incidence by using the scattering matrix method, in which the shaded region defines the band gap for the corresponding infinite ideal crystal. Here the transmission ratio was defined as the flux of the Poynting vector through a segment situated near the lower face of the crystal over the flux of the Poynting vector of the incident field, 6, 17 which agrees quite well with the dispersion relations in Fig. 2͑a͒ . It should be noted that this transmission ratio may be superior to 1.0.
11
It can be seen from Fig. 3 that when n is increased from 5 to 11, the transmission inside the gap falls greatly from −25 to − 53 dB, which is followed by a relatively less variation when n ranges from 15 to 25. This can be easily explained as follows: For the finite crystal, the segment used for the computation of the transmission collects a less part of the energy flowing around a larger crystal, and the falling-off tends to saturation when the crystal is large enough. Then the convergent question of the properties of the finite structure   FIG. 2. ͑a͒ Comparison of the complex photonic band structure and density of states between the ideal crystal ͑dashed lines͒ and 11ϫ 11 crystal ͑solid lines͒ shown in ͑b͒, and its high-symmetry points at the corners of the Brillouin zone ͑c͒. ͑d͒ The photonic band structure and density of states for R c = 0.7a .   FIG. 3 . ͑Color online͒ Transmission spectra for different square lattices with n ϫ n cylinders ͑n = 5, 11, 15, 21, and 25, respectively͒ for E polarization.
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Wu et al. J. Appl. Phys. 101, 053101 ͑2007͒ towards that of an infinite one is posed. Felbacq and Smaâli 11 have given an excellent answer to this question, i.e., if a plane wave is used as an incident field, it is never possible to consider the finite structure as infinite because of the pole structure. The band diagram in Fig. 2͑a͒ is obtained for the 11 ϫ 11 cylinders by the use of the above method, and the transmission spectra in the ⌫ − X direction for the same crystal can also be found in Fig. 3 , which are gotten by the use of the scattering matrix method. Comparing these two figures, it can be found that the first band gap in the ⌫ − X direction coincides very well, in which the method presented in the paper is verified. Figure 4͑a͒ shows the normalized band gap ͑in terms of R c = 0.2a case͒ for various n ϫ n cylinders ͑n = 7, 11, 15, and 25͒ with different R c . It can be seen that the band gap is maximum ͑Ϸ1.05͒ at R c = 0.15a for intermediate size n =11 and n = 15. For a small n ͑n =7͒, the maximum band gap equals to 1 at R c = 0.2a as expected. For a large structure ͑n =25͒, a small change in defect will not affect the band gap, and the maximum band gap equals to 1 for a broad range of R c / a ͑=0.05-0.25͒. The results indicate that the defect ͑R c = 0.15a͒ for finite 2D structures ͑n = 11 and n =15͒ can increase the band gap by about 5%. This can be explained in the way that the boundaries and the defect form a resonatory cavity to localize those propagation states. This finding is different from other studies of the infinite periodic crystal, 19, 20 which indicate that the nonuniform structure will reduce the band gaps. Figure 4͑b͒ presents the relationship between the real K vector and the corresponding imaginary eigenfrequency for 11ϫ 11 cylinders. Considering the first photonic band gap, the imaginary eigenfrequencies among the cases R c = 0, 0.15a, and 0.7a, are compared, with the first mode shown correspondingly. The imaginary eigenfrequencies are obviously maximum ͑minimum͒ at R c = 0.7a ͑R c = 0.15a͒. This means that a bigger evanescence at R c = 0.7a will reduce the band gap significantly, which confirms the finding of the maximum band gap at R c = 0.15a as shown in Fig. 4͑a͒ . Figure 5 shows the band gaps of the photonic band diagram of real K vector versus real eigenfrequencies for 11 ϫ 11 cylinders varied with every sampling in which every 
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radius of the cylinders is randomly chosen within different ranges. Here the radius of every cylinder is generated by a uniform random sampling from a finite range of radius. As shown in Fig. 5 , the abscissa shows the order of the 16 random samplings, the dashed lines denote the band gap for every random sampling, and the solid lines denote the corresponding recursive average. It can be seen that the band gap is reduced when the radius range is increased on an average. This point is very useful to the fabrication process and to evaluating the effect of the surface roughness on the photonic band gap. The calculation of the photonic band diagram for a realistic disorder medium with random embedded nanostructures is currently in progress, which will be published elsewhere.
IV. CONCLUSIONS
In conclusion, a formulation has been presented to calculate the complex photonic band diagram and DOS for electromagnetic waves propagating in a 2D finite structure with nonoverlapping and nonuniform dielectric cylinders, which are arbitrarily embedded in a dielectric matrix. Complex band diagrams are numerically computed for a 2D finite and periodic square lattice with a defect at the center. The simulation result shows that an optimal size of a defect at the center of a finite-size photonic crystal can increase the photonic band gap. The studies of this approach for more complicated structures with arbitrary defects will be reported elsewhere. The potential applications of this work are expected in various disorder systems, such as random laser and random nanoparticles and nanowires in a dielectric medium.
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APPENDIX
According to the two-dimensional Fourier transformation, if any function f͑x , y͒ is integrable and absolutely integrable in the domain ⍀ = ͓−l , l͔ ϫ ͓−h , h͔, it can be expanded into the following Fourier series: 
